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E (v.s+Othogonal structure), Fv,s,P:E — F
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Orthogonally additive polynomials on Riesz spaces

E (v.s+Othogonal structure), Fv,s,P:E — F

xLly = P(x+y)=P(x) + P(y)

What about the Structure of the set of all orthogonally additive polynomials
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Orthogonally additive polynomials on Riesz spaces

In this lecture, we focus on the systematic study of orthogonally additive po-
lynomials as a new and promising area within Riesz space theory. A cen-
tral challenge in this domain is understanding how these polynomials interact
with other mathematical structures, particularly Riesz spaces.
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Orthogonally additive polynomials on Riesz spaces

Orthogonally additive polynomials are functions that exhibit a specific form
of additivity, allowing the construction of new functions through a defined
additive process. This property renders them particularly useful.
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Orthogonally additive polynomials are functions that exhibit a specific form
of additivity, allowing the construction of new functions through a defined
additive process. This property renders them particularly useful.
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Orthogonally additive polynomials on Riesz spaces

Despite their potential, the structural properties of orthogonally additive poly-
nomials especially within the context of Riesz spaces have remained elusive
until recently. Their study is significant not only from an algebraic standpoint
but also within the framework of infinite-dimensional analysis, notably in the
theory of holomorphic functions on infinite-dimensional spaces.
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Orthogonally additive polynomials on Riesz spaces

Introduction

One of the relevent problems in Operator Theory is to describe orthogonally
additive polynomials via linear operators. This problem can be treated in
different manner, depending on domains and codomains on which
polynomials act. Interest in orthogonally additive polynomials on Bananch
lattices originates in the work of Sundaresan, where the space of
n-homogeneous orthogonally additive polynomials on the Banach lattices I,
and L, [0, 1] was characterized. It is only recently that the class of such
mappings have been getting more attention. We are thinking here about
works on orthogonally additive polynomials and holomorphic functions and
orthosymmetric multilinear mappings on different Banach lattices and also
C*-algebras. Proofs of the aforementioned results are strongly based on the
representation of this spaces as vector spaces of extended continuous
functions. So they are not applicable to general Riesz spaces. That is why we
need to develop new approaches. Actually, the innovation of this work
consist in making a relationship between orthogonally additive
homogeneous polynomilas and orthosymmetric multilinear mappings which
leads to a constructively proofs of Sundaresan results.
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Orthogonally additive polynomials on Riesz spaces

Historical

@ 1991 : Sundaresan On ¢, and L, [0, 1]

/f gd .
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Orthogonally additive polynomials on Riesz spaces

Historical
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1991 : Sundaresan On £, and L, [0, 1]

/f gd .

2005 : Garcia , Villaneva, Carando, Lassale, Zalduendo : On C(X)

= /f”gdu.
X

2006 : Benyamini, Lassale, Llanova : On Banach lattices

2008 : Plazuelos, Peralta, Villanueva : On C*-algebras

2010-2012 : Carando, Lassale, Zalduendo, Jaramillo, Prieto,

Zalduendo : On holomorphic functions on open subsets of C(X)

2012 Bu, Buskes : Banach lattices (Tensor products).

2012 Chil, Meyer : On Uniformluy complete Riesz spaces

2015 Chil, Mokaddem : On Riesz spaces

2020 Chil, Dorai : On Riesz spaces by using Topological approach

2025 Chil, Weslati : Nakano-type theorem for polynomials in Riesz
ar
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Orthogonally additive polynomials on Riesz spaces

Unlocking the Secrets of Orthogonally Additive Polynomials in Riesz space
Theory
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Orthogonally additive polynomials on Riesz spaces

o A multilinear mapping T : E" — F is said to be orthosymmetric if
T(X1,...,Xn) = 0 whenever xq, ..., X, € E satisfy x; Lx; for some i # j.
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Orthogonally additive polynomials on Riesz spaces

o A multilinear mapping T : E" — F is said to be orthosymmetric if
T(X1,...,Xn) = 0 whenever xq, ..., X, € E satisfy x;_Lx; for some i # j.
o Let E be a vector lattice and let F be a topological space. A map
P : E — F is called a homogeneous polynomial of degree n (or a
n-homogeneous polynomial) if P(x) = #(x, .., x), where ¢ is a
n-multilinear map from E" into F.
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Orthogonally additive polynomials on Riesz spaces

o A multilinear mapping T : E" — F is said to be orthosymmetric if
T(X1,...,Xn) = 0 whenever xq, ..., X, € E satisfy x;_Lx; for some i # j.

o Let E be a vector lattice and let F be a topological space. A map
P : E — F is called a homogeneous polynomial of degree n (or a
n-homogeneous polynomial) if P(x) = #(X, .., x), where ¢ is a
n-multilinear map from E" into F.

e A homogeneous polynomial, of degree n, P : E — F is said to be
orthogonally additive if P(x +y) = P(x) + P(y) where x,y € E are
orthogonally (i.e. |x| A |y| = 0).

ELMILOUD CHILUniversity of Tunis Elmanar Orthogonally Additive polynomials : A New Frontier in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

o A multilinear mapping T : E" — F is said to be orthosymmetric if
T(X1,...,Xn) = 0 whenever xq, ..., X, € E satisfy x;_Lx; for some i # j.

o Let E be a vector lattice and let F be a topological space. A map
P : E — F is called a homogeneous polynomial of degree n (or a
n-homogeneous polynomial) if P(x) = #(X, .., x), where ¢ is a
n-multilinear map from E" into F.

e A homogeneous polynomial, of degree n, P : E — F is said to be
orthogonally additive if P(x +y) = P(x) + P(y) where x,y € E are
orthogonally (i.e. |x| A ly| = 0).

o We denote by Py ("E, F) the set of n-homogeneous orthogonally
additive polynomials from E to F.
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Orthogonally additive polynomials on Riesz spaces

ymmetric multilinear mapping
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Orthogonally additive polynomials on Riesz spaces

orthosymmetric multilinear mapping

o Abilinearmap T : E x E — F is positive if T(x,y) > 0 whenever
(x,y) € ET x E™, and is order bounded if given (x,y) € ET x ET
there exists a € F* such that | T (z,w)| < a for all
(0,0) < (z,w) < (x,y) eEXE
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Orthogonally additive polynomials on Riesz spaces

orthosymmetric multilinear mapping

o Abilinearmap T : E x E — F is positive if T(x,y) > 0 whenever
(x,y) € ET x E™, and is order bounded if given (x,y) € ET x ET
there exists a € F* such that | T (z,w)| < a for all
(0,0) < (z,w) < (x,y) eEXE

e T:E xE — Fis(r.u) continuous if X,,yo — 0 (r.u) in E implies
that T (x,,yn) — 0in F.
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Orthogonally additive polynomials on Riesz spaces

@ The set £, (E) of all order bounded operators on E is an ordered vector
space with respect to the pointwise operations and order. The positive
cone of £y (E) is the subset of all positive operators.
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Orthogonally additive polynomials on Riesz spaces

@ The set £, (E) of all order bounded operators on E is an ordered vector
space with respect to the pointwise operations and order. The positive
cone of £y (E) is the subset of all positive operators.

e Anelement T in L, (E) is referred to as an orthomorphism if, for all
X,y € E, [T(X)| A ly| = 0 whenever |x| A |y| = 0. Under the ordering
and operations inherited from Ly, (E), the set Orth(E) of all
orthomorphisms on E is an Archimedean Riesz space.

ELMILOUD CHILUniversity of Tunis Elmanar Orthogonally Additive polynomials : A New Frontier in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

@ The set £, (E) of all order bounded operators on E is an ordered vector
space with respect to the pointwise operations and order. The positive
cone of £y (E) is the subset of all positive operators.

e Anelement T in L, (E) is referred to as an orthomorphism if, for all
X,y € E, [T(X)| A ly| = 0 whenever |x| A |y| = 0. Under the ordering
and operations inherited from Ly, (E), the set Orth(E) of all
orthomorphisms on E is an Archimedean Riesz space.

e The Riesz algebra E is said to be an f-algebra whenever x Ay = 0 then
xzAy=z2xAy=0forallzc E*.

ELMILOUD CHILUniversity of Tunis Elmanar Orthogonally Additive polynomials : A New Frontier in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

@ The set £, (E) of all order bounded operators on E is an ordered vector
space with respect to the pointwise operations and order. The positive
cone of £y (E) is the subset of all positive operators.

e Anelement T in L, (E) is referred to as an orthomorphism if, for all
X,y € E, [T(X)| A ly| = 0 whenever |x| A |y| = 0. Under the ordering
and operations inherited from Ly, (E), the set Orth(E) of all
orthomorphisms on E is an Archimedean Riesz space.

e The Riesz algebra E is said to be an f-algebra whenever x Ay = 0 then
xzAy=z2xAy=0forallzc E*.

e If E is a Riesz space then the Riesz space Orth(E) is an f-algebra with
respect to the composition as multiplication. Moreover the identity map
on E is the multiplicative unit of Orth(E). In particular, the f-algebra
Orth(E) is semiprime and commutative.
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Orthogonally additive polynomials on Riesz spaces

@ The set £, (E) of all order bounded operators on E is an ordered vector
space with respect to the pointwise operations and order. The positive
cone of £y (E) is the subset of all positive operators.

e Anelement T in L, (E) is referred to as an orthomorphism if, for all
X,y € E, [T(X)| A ly| = 0 whenever |x| A |y| = 0. Under the ordering
and operations inherited from Ly, (E), the set Orth(E) of all
orthomorphisms on E is an Archimedean Riesz space.

e The Riesz algebra E is said to be an f-algebra whenever x Ay = 0 then
xzAy=z2xAy=0forallzc E*.

e If E is a Riesz space then the Riesz space Orth(E) is an f-algebra with
respect to the composition as multiplication. Moreover the identity map
on E is the multiplicative unit of Orth(E). In particular, the f-algebra
Orth(E) is semiprime and commutative.

o If E is an f-algebra with unit element, then the mapping 7 : X — 7

from E into Orth(E) is a Riesz and algebra isomorphism, where
mx(y) = xy forally € E.
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Orthogonally additive polynomials on Riesz spaces

o A Dedekind complete Riesz space E is said to be universally complete
whenever every set of pairwise disjoint positive elements has a
supremum.
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Orthogonally additive polynomials on Riesz spaces

o A Dedekind complete Riesz space E is said to be universally complete
whenever every set of pairwise disjoint positive elements has a
supremum.

e Every Archimedean Riesz space E has a unique (up to a Riesz
isomorphism) universally completion denoted E, ie., there exists a
unique universally complete Riesz space such that E can be identified
with an order dense Riesz subspace of EY.
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Orthogonally additive polynomials on Riesz spaces

o A Dedekind complete Riesz space E is said to be universally complete
whenever every set of pairwise disjoint positive elements has a
supremum.

e Every Archimedean Riesz space E has a unique (up to a Riesz
isomorphism) universally completion denoted E, ie., there exists a
unique universally complete Riesz space such that E can be identified
with an order dense Riesz subspace of EY.

o EYis furnished with a multiplication, under which E" is an f-algebra
with unit element.
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Orthogonally additive polynomials on Riesz spaces

Let E be a Riesz space, F be a Hausdorff t.v.s. (not necessarily a Riesz spaces)
and let p : E x E — F be a (r.u) continuous orthosymmetric bilinear map
then  is symmetric
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Orthogonally additive polynomials on Riesz spaces

Theorem

Let E be a Riesz space, F be a Hausdorff t.v.s. (not necessarily a Riesz spaces)
and let p : E x E — F be a (r.u) continuous orthosymmetric bilinear map
then  is symmetric

Theorem

Let E be a Riesz space, F be a Hausdorff t.v.s.,and let T : E" — F be a (r.u)
continuous orthosymmetric multilinear map. If o € S(n) is a permutation
then

|

T(X]_7 ...,Xn) = T(Xa(l)7 ...,Xo(n))

forall x4, ...,x, € E.
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Orthogonally additive polynomials on Riesz spaces

Let E be a Riesz space, F be a Hausdorff t.v.s., and let T : E" — F be a (r.u)
continuous orthosymmetric multilinear map . Then

T(’R’l(Xl), ...,’ﬂ'n(Xn)) = T(Xl, ...,7T1...7Tn(Xn))

forall xy, ..., xn € Eand 7y, ..., m € Orth(E).
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Orthogonally additive polynomials on Riesz spaces

orthogonally additive homogeneous polynomials :
Representations theorems

Let E be an Archimedean vector lattice, F be a Hausdorff topological vec-
tor space (not necessarily a vector lattice), ¢» : E" — F be a (r.u) conti-
nuous orthosymmetric multilinear map.
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Orthogonally additive polynomials on Riesz spaces

orthogonally additive homogeneous polynomials :
Representations theorems

Let E be an Archimedean vector lattice, F be a Hausdorff topological vec-
tor space (not necessarily a vector lattice), ¢» : E" — F be a (r.u) conti-
nuous orthosymmetric multilinear map. Then there exists a linear operator

Tp : _7nrlEr“ — F such that
1=

Y (X1, .y Xn) = Tp(X1..Xn).

Orthogonally Additive polynomials : A New Frontier in Riesz Space Theory
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Orthogonally additive polynomials on Riesz spaces

We denote by Pco("E, F) the set of continuous n-homogeneous orthogonally
additive polynomials from E to F. }
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Orthogonally additive polynomials on Riesz spaces

Let E be an Archimedean vector lattice, F be a Hausdorff topological vector
space (not necessarily a vector lattice) and let P € Pco("E, F) .

@ Then %) (its associated symetric multilinear map) is orthosymmetric.
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Orthogonally additive polynomials on Riesz spaces

Let E be an Archimedean vector lattice, F be a Hausdorff topological vector
space (not necessarily a vector lattice) and let P € Pco("E, F) .

@ Then 9 (its associated symetric multilinear map) is orthosymmetric.
@ Then there exists a linear operator Tp : _rnrlEr“ — F such that
i=

P(x) = Tp(x").
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Orthogonally additive polynomials on Riesz spaces

Our approach fails for the non continuous case
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Orthogonally additive polynomials on Riesz spaces

Our approach fails for the non continuous case

Structure Problem

Let E be the Riesz space of all real valued functions f on [0, 1] satisfying that
there is a finite subset (X;)1<i<n Suchthat 0 = Xo < X; < .. < X, = 1 and on
each interval [xi_1, ;) f(x) = m;i(f)x + bi(f) and T (f, g) = mo(f)bo(Q).
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Orthogonally additive polynomials on Riesz spaces

@ P € Py ("E, F) with E unital f-algebra <
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@ P € Py ("E, F) with E unital f-algebra <
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Orthogonally additive polynomials on Riesz spaces

@ P € Py ("E, F) with E unital f-algebra <
o P((X) + .. +X2)7) = P(X1) + .. + P(xn) &
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Orthogonally additive polynomials on Riesz spaces

@ P € Py ("E, F) with E unital f-algebra <
o P((X) + .. +X2)7) = P(X1) + .. + P(xn) &
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Orthogonally additive polynomials on Riesz spaces

@ P € Py ("E, F) with E unital f-algebra <
o P((X) + .. +X2)7) = P(X1) + .. + P(xn) &
o P((X) +x0)n) = P(x1) + P(x) <
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Orthogonally additive polynomials on Riesz spaces

@ P € Py ("E, F) with E unital f-algebra <
o P((X) + .. +X2)7) = P(X1) + .. + P(xn) &
o P((X +xX0)7) = P(x1) 4 P(x) <
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Orthogonally additive polynomials on Riesz spaces

o P € Py ("E, F) with E unital f-algebra <

o P((X) + .. +X2)7) = P(X1) + .. + P(xn) &
o P((X +xX0)7) = P(x1) 4 P(x) <

0 P((X1.Xn)") = ¥hp(Xq, .., Xn)
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Orthogonally additive polynomials on Riesz spaces

o PePy("E,F) &
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Orthogonally additive polynomials on Riesz spaces

o P € Py("E,F) &

D CHILUniversity of Tunis EImanar Orthogonally Additive polynomials : er in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

o PePyu("E,F) &
e P is valuation n-homogenuous polynomial

PxAy)+PxVy)=PXx)+P(y)
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

@ P € Poy("E, F) with F Dedekind complete [P| (x) = |T,| (x")for all
xe€ET
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Poy("E, F) with F Dedekind complete [P| (x) = |T,| (x")for all
x€ET
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Po("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

o Pon("E,F%) is a Riesz space.
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Poy("E, F) with F Dedekind complete [P| (x) = |T,| (x")for all
x€ET

o Pu("E, F?) is a Riesz space.
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Po("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

o Pu("E, F?) is a Riesz space.
e F Dedekind complete then Py, ("E, F) ~ Eb(_ﬂ—lEr“q F)
=
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Poy("E, F) with F Dedekind complete [P| (x) = |T,| (x")for all
x€ET

o Pu("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7nrlE“‘, F)
i=
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Po("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

o Pu("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7"rlE“‘, F)
i=
@ P € Py ("E) is a polyorthomorphisms (P € Porn("E)) if
Tp: _7nrlE“‘ — EY is a weak orthomorphisms . So P € Py, ("E) and
i=
Xly=Px_Ly.

ELMILOUD CHILUniversity of Tunis Elmanar Orthogonally Additive polynomials : A New Frontier in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

o P € Poy("E, F) with F Dedekind complete [P| (x) = |T,| (x")for all
x€ET

o Pu("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7nrlE“‘, F)
=
e Pc Pob(”E) is a polyorthomorphisms (P € Pon("E)) if
Tp: Eru — EY is a weak orthomorphisms . So P € Py, ("E) and
xJ_y :> Px Ly.
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

P € Pon("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

Pos("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7"rlE“‘, F)
i=

Pe Pob(”E) is a polyorthomorphisms (P € Pon("E)) if
Tp: Eru — EY is a weak orthomorphisms . So P € Py, ("E) and

xJ_y :> Px Ly.

P € Pon("E, F) is a Polymorphisms (P € Prom("E)) if Tp, : _7?-1Er“ —F
1=

is a Riesz homomorphisms. so P € Py,("E) and x Ly = Px L Py

(]
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

P € Pon("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

Pos("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7nrlE“‘, F)
i=

Pe Pob(”E) is a polyorthomorphisms (P € Pon("E)) if

Tpo: Eru — EY is a weak orthomorphisms . So P € P,,("E) and
xJ_y :> Px Ly.

P € Po("E, F) is a Polymorphisms (P € Prom("E)) if T : ii%lE“‘ —F
is a Riesz homomorphisms. so P € Py, ("E) and x Ly = Px L Py

(]
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Orthogonally additive polynomials on Riesz spaces

Polymorphisms and Polyorthomorphisms

P € Pon("E, F) with F Dedekind complete |P| (x) = |T,| (x")for all
x€ET

Pos("E, F?) is a Riesz space.
o F Dedekind complete then Py, ("E, F) ~ £b(_7nrlE“‘, F)
i=

Pe Pob(”E) is a polyorthomorphisms (P € Pon("E)) if

Tpo: Eru — EY is a weak orthomorphisms . So P € P,,("E) and
xJ_y :> Px Ly.

P € Po("E, F) is a Polymorphisms (P € Prom("E)) if T : ii%lE“‘ —F
is a Riesz homomorphisms. so P € Py, ("E) and x Ly = Px L Py

(]
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Orthogonally additive polynomials on Riesz spaces

@ P € Pon("E); [P (x) = |Tp| (x")forall x € ET
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Orthogonally additive polynomials on Riesz spaces

o P & Poun("E); [P| (¥) = [Tp| (x")for all x € E*

gonally Additive polynomials : A New Frontier in Riesz Space Theory



Orthogonally additive polynomials on Riesz spaces

@ P € Pomn("E); [P] (x) = |Tp| (x")for all x € E* Pomn("E) is a Riesz
space

o P € Porn("E), [P(X)| = |P| (x), PT(x) = P(x)™ and P~ (x) = P(x)~
forallx € ET
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Orthogonally additive polynomials on Riesz spaces

o G Riesz subspace of E, F Dedekind complet, P € Po,("E, F),
Q € Po("G,F), |Q| < Pthen Q € Py("E, F)
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Orthogonally additive polynomials on Riesz spaces

o G Riesz subspace of E, F Dedekind complet, P € Po,("E, F),
Q € Pob("G, F), |Q| < P then Q € Poy("E, F)

(-] Pob(nE, F) - ’Pob(nE‘S, F)
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Orthogonally additive polynomials on Riesz spaces

o G Riesz subspace of E, F Dedekind complet, P € Po,("E, F),
Q € Pob("G, F), |Q| < P then Q € Poy("E, F)

o Pon("E,F) C Pob(“E5, F)
@ Prom("E,F) C Puom("E?, F)
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Orthogonally additive polynomials on Riesz spaces

o G Riesz subspace of E, F Dedekind complet, P € Po,("E, F),
Q € Pob("G, F), |Q| < P then Q € Poy("E, F)

@ Po("E,F) C Pop("E?, F)
@ Phom("E, F) C Prom("E?, F)
® Portn("E) C Portn("E®)
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano type-Theorem

The null ideal of an arbitrary P € P, ("E, F) is the set
Np = {x € E: |P|(|x]) =0} = {x € E: [Tp| (|x"|) = 0}

and its carrier is the band
Cp = N&.

Ne = N
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

o LetP € (Py("E,F))t and 0 < x <ythen 0 < P(x) < P(y)
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

o LetP e (Pyp("E,F))T and 0 < x < ythen 0 < P(x) < P(y)
@ Np is an ideal of E and its a band whenever P is order continuous }
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano type theorem for order continuous n-homogeneous
orthogonally additive polynomials :

Let P,Q € Pop("E,R)* such that P or Q is order continuous. Then the follo-
wing are equivalents
PLQ<
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano type theorem for order continuous n-homogeneous
orthogonally additive polynomials :

Let P,Q € Pop("E,R)* such that P or Q is order continuous. Then the follo-
wing are equivalents
PLQ&CpC NQ =
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano type theorem for order continuous n-homogeneous
orthogonally additive polynomials :

Let P,Q € Pop("E,R)* such that P or Q is order continuous. Then the follo-
wing are equivalents
PLQ@CPCNQ@CQCNpC}
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano type theorem for order continuous n-homogeneous
orthogonally additive polynomials :

Let P,Q € Pop("E,R)* such that P or Q is order continuous. Then the follo-
wing are equivalents
PLQ@CPCNQ@CQCNP@CPLCQ
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Structure Problem

Let P € Poy("E, C(Y)) where C(Y) is the space of continuous functions in a
topological Hausdorff space Y. Then

dd
Np = yQYN(SyoP and Cp = (yze;cayop)

where dy is the evaluation at y.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Structure Problem

Theorem

Let P,Q € Py ("E, C(Y))™ such that P or Q is order continuous. Then
following

Q@ Cp L Cq

QPLQ

@ dyoP LéyoQforallyey.
Q Csop L Csoqforally €.
satisfies 1 = 2 = 3 & 4.

N,
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Nakano theorem fails in the case of orthogonally additive polynomials
between general Riesz spaces

Example

Consider the two positive order continuous orthogonally additive
2-homogeneous polynomials P, Q : L,[0, 1] — L;[0, 1] defined by

/f dxXlandQ /f dxXl
[0,*] [*1]

Observe that P L Q because for every 0 < f € L,[0, 1] we have
0< (PAQ)(f) <P(f) AQ(f) = 0. Thus P A Q = 0 holds in Poc(?L2[0, 1]).
However

Ns = Nt = {0} and so C; = Cg = Lz[o, 1}

proving that Ct and Cs are not disjoints sets. On the other hand it is clear
that for all y € [0, 1] we have
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Let P,Q € Poc("E, C(Y))™ Then the following are equivalents :

Q@ Cp LCo
Q Csop L Csoqforally,ze .
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

The vector space Po("E,R) will be called the order continuous n-
homogeneous orthogonally additive polynomial dual of E and will be de-
noted

Poc("E,R) = ("E)™*

Since R is a Dedekind complete Riesz space, it follows that ("E)~* is pre-
cisely the vector space generated by the positive orthogonally additive n-
homogeneous polynomials. Moreover ("E)~* is a Dedekind complete Riesz
space. In general, there is no guarantee that a Riesz space supports any non
trivial orthogonally additive polynomials of degree greater than one. Thus
the order polynomial dual of E may happen to be the trivial space. As an
example the Riesz space ("L,[0, 1])~ is isometrically isomorphie to Lq[0, 1]
forall n < p. When n > p there are no non zero n-homogeneous orthogonally
additive polynomials on L, [0, 1]. Therefore ("L,[0, 1])~ = {0} foralln > p.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Now from the fact that ("E)"~ is again a Riesz space. Thus we can consider
the order dual of ("E)~* which is (("E)~*)~ = L,(("E)~",R), the space of
order bounded linear functional on ("E)~". For each x € E an order bounded
linear functional X can be defined on ("E)~" via the formula

X(P) = P(x) forall P € ("E)™.

Clearly, x > 0impliesX > 0. Also, since P,, | 0iin ("E)~* holds if and only if
P.(x) | 0inR forall x € E*. ThenX is order continuous linear functional on
("E)~r. Thus a positive map x — X can be defined from E to ((("E)~*)~)n,
the space of order continuous linear functional on ("E)~*. This map is called
the canonical embedding of E into ((("E)~")~), which is one to one when
("E)~* separates the points of E, that is for all x # y there exists P € ("E)™
such that P(x) # P(y).
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

@ Let E an Archimedean Riesz space and x € E. Then

o X if niseven
xt if nisodd
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

@ Let E an Archimedean Riesz space and x € E. Then

S+ — X if niseven
xt if nisodd

@ Forevery x € Eand A € R we have X = AR,
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

@ Let E an Archimedean Riesz space and x € E. Then

Xt =

X if niseven
xt if nisodd

@ Forevery x € Eand A € R we have 2X = AR,
@ Forevery x,y € Esuchthatx L ywehaveX +y =%X+7.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

@ Let E an Archimedean Riesz space and x € E. Then

Xt =

X if niseven

xt if nisodd
(2] ForeveryxeEand)\eRwehaveﬁ:)\”i.
@ Foreveryx,y € Esuchthatx L ywehaveX +y=%X+7.
Q@ If0<x<ythen0=0<%X<Y.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

@ Let E an Archimedean Riesz space and x € E. Then

Xt =

X if niseven
{XA+ if nisodd
@ Foreveryx € Eand A € R we have AX = A%,
@ Foreveryx,y € Esuchthatx L ywehaveX +y=%X+7.
Q IfO<x<ythen0=0<%X<7.
Q Foreveryx,yc Et0<XAy<

o

XAY.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Consider P € (("E)~»)* and x € E. According to we can see that
X*(P) =sup {Q(x) : Q € Po("E,R)" suchthat 0 < Q < P}
= sup {TQ(X“) :Tg € Eb(iliI!Er“,IRi)Jr suchthat 0 < Tg < Tp}
=Te((x")")

First if n is even then X" > 0 therefore Tp((X")™) = Tp(X") = P(x) = X(P).
Secondly if n is odd writing

To((x) ) = Te(((xF =x7)")") =Te((x")" = (x7)")")

Thus

xt if nisodd

e {x if niseven
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Now we are able to announce a Nakano type theorem for orthogonally
additive homogeneous polynomials.

Theorem
Let E be an Archimedean Riesz space. Then the embedding map
ArE = (("B))
X — X
is an order continuous orthogonally additive n-homogeneous polynomial
whose range is order dense in ((("E)~*)~)n, the order continuous dual of
Poc(nE’ R)
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

We have already mentioned that the canonical embedding of E into
(("E)~*)~ is an order continuous orthogonally additive n-homogeneous
polynomial. So we need only to prove that the set {X, x € E} is order dense
in ((("E)~®)™)n. Tothisend, let 0 < ¢ € ((("E)~?)™)n S0 by the order
continuity of ¢ and the fact that ¢ # 0 there exists 0 < P € C,, = N¢. Now,
from the fact that P is order continuous and P # 0 it follows that Cp # {0} .
So pick 0 < x € Cp. if X A ¢ = 0 then by the classical Nakano theorem we
have X(C,) = 0. Consequently, P(x) = 0 which implies that

x € Np N Cp = {0} which is impossible. Then X A ¢ > 0. Let

0 < ¢1=%XA¢ <Xholdsin (("E)~»)~ for some x € E. Now from the fact
that (("E)~»)"~ is an Archimedean Riesz space and the fact that X # 0 there
exists let 0 < e < 1suchthaty = ¢y V X — eX = (¢1 — eX)T > 0.
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

By the order continuity of ¢ there exists 0 < P € C,,. Now it follows from
the order continuity of P that Cp £ {0}. We claim that we can choice

0 <y € Cpsuchthatz =y A ex > 0. Assume by way of contradictions that
ex € C8 = N(P) which implies that X(P) = P(x) = 0. On the other hand
0<¢ < =XA¢p <Xhence0 < ¢(P) <X(P)=0.Thus¢(P)=0
therefore P € C, NNy, = {0} then P = 0 which is impossible. So there
exists 0 <y € Cp suchthatz =y A ex > 0. Now, We claim that z satisfies

0<Z< ¢

in (("E)~»)"~. First to see that 0 < Z holds, note that0 <z <yandy € Cp
which is an ideal. So 0 < z € Cp which implies that P(z) # 0soZ(P) # 0,
thus 0 < Z. Now, we claim that Z < ¢;. To this end, assume by way of
contradictions that = (Z— ¢1)™ > 0. By the order continuity of 6 there
exists 0 < Q € Cy. On the other hand by Lemma we have 7 < £X because
z < ex which implies that

0<0=(2—¢)" < (X— 1) = (61— %)™
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A Nakano carrier type-theorem for orthogonally additive polynomials in Riesz spaces

Which implies that 6 L) so Cy_LC,,. On the other hand P € C,,, Q € Cy
which implies by theorem that P_LQ again by the same theorem [] we get

Q(Cp) = {0} .

Therefore by applying lemma once more and from the fact that z < y we
have

0<0(Q)=(Z—¢1)"(Q) <Z(Q) <¥(Q) =Q(y) =0.
Thus 6(Q) = 0 which implies that Q € Ny N Cy = {0} then Q = 0 which is
impossible. Hence
0<Z< ¢ <.
Consequently the set {X,x € E} is order dense in ((("E)™~*)~)n, and the
proof of the theorem is complete.
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Orthogonally additive Polynomials in Riesz spaces

Orthogonally additive Polynomials in Riesz spaces

\

© A mapping P : E — F is a polynomial of degree < n (P € P,(E, F)) if

P =P; + .. + P, where Py € P(*E,F)
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Orthogonally additive Polynomials in Riesz spaces

Orthogonally additive Polynomials in Riesz spaces

\
© A mapping P : E — F is a polynomial of degree < n (P € P,(E, F)) if

P =P; + .. + P, where Py € P(“E,F)

@ P € P,(E,F) is said to be orthogonally additive (P € Pno(E, F)) if
XLy = P(x+y) = P(x) + P(y)
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Orthogonally additive Polynomials in Riesz spaces

Orthogonally additive Polynomials in Riesz spaces

\
© A mapping P : E — F is a polynomial of degree < n (P € P,(E, F)) if

P =P; + .. + P, where Py € P(“E,F)

@ P € P, (E, F) is said to be orthogonally additive (P € Py (E, F)) if
XLy = P(x+Yy) =P(x) + P(y)

© P c Pyo(E,F)ifand only if P, € Po(KE,F) forall1 <k <n
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Orthogonally additive Polynomials in Riesz spaces

Orthogonally additive Polynomials in Riesz spaces

\
© A mapping P : E — F is a polynomial of degree < n (P € P,(E, F)) if

P =P; + .. + P, where Py € P(“E,F)

@ P € P, (E, F) is said to be orthogonally additive (P € Py (E, F)) if
xLly = P(x+y)=P(x) + P(y)
@ P c Py(E,F)ifandonly if Py € P, (*E,F) forall1 <k <n

Q@ P € Py(E, F) is (r.u) continuous if and only if Py is (r.u) continuous
forall1<k<n
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Orthogonally additive Polynomials in Riesz spaces

\
@ P € Py(E,F) is (r.u) continuous then

P=Ti(X)+ ..+ To(x")
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Orthogonally additive Polynomials in Riesz spaces

@ P € Pyo(E,F) is (r.u) continuous then
P=Ti(X)+ ..+ To(x")
@ P € Pyo(E, F) is valuation polynomial

P(xAyY)+PxVy) =PXx)+ P(y)
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Orthogonally additive Polynomials in Riesz spaces

@ For non homogenuous polynomials there is such representation with
linear map ?
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Orthogonally additive Polynomials in Riesz spaces

© For non homogenuous polynomials there is such representation with
linear map ?
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Orthogonally additive Polynomials in Riesz spaces

© For non homogenuous polynomials there is such representation with
linear map ?NO
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Orthogonally additive Polynomials in Riesz spaces

© For non homogenuous polynomials there is such representation with
linear map ?NO

1
E=F=C([0,1])P(f) =f + /f2 # T(f +12) forall T linear
0
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Orthogonally additive Polynomials in Riesz spaces

© For non homogenuous polynomials there is such representation with
linear map ?NO

1
E=F=C([0,1])P(f) =f + /f2 # T(f +12) forall T linear
0

@ E isunital f-algebra if P € P,(E, F) then there exists Q € P, (E, F)
such that

P(x) = QX+ ... +x")
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Holomorphic mapping in Riesz spaces

Holomorphic mapping in Riesz spaces

E, F two complex Riesz spaces H : E — F is said to be holomorphic if
+oo
H(x) = Pa(x) where P, € P("E, F)
1

H is called orthogonally additive (H € H,(E, F)) if

if XLy = H(X+y) = H(X) + H(y)
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Holomorphic mapping in Riesz spaces

@ H € Ho(E,F) ifand only if P, € P,("E, F) for all n
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Holomorphic mapping in Riesz spaces

@ H € Ho(E,F) ifand only if P, € P,("E, F) forall n
@ H is (r.u) continuous if and only if Py is (r.u) continuous for all n
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Holomorphic mapping in Riesz spaces

@ H € Ho(E,F) ifand only if P, € P,("E, F) forall n
@ H is (r.u) continuous if and only if Py, is (r.u) continuous for all n
@ P € H(E,F) is valuation

H(xXAY)+HXVyY) =H()+ H(y)
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Holomorphic mapping in Riesz spaces

Overall this research represents an important step forward in our understan-
ding of orthogonally additive polynomials and their applications it has the
potential to open up new avenues for research and innovation in a wide range
of fields
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Holomorphic mapping in Riesz spaces

THANK YOU FOR YOUR ATTENTION )
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