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For a subset U C X x X, let U™t = {(y,x) : (x,y) € U}. A set
satisfying U = U~ is said to be symmetric and the diagonal of the
product X x X will be denoted by A(X). Also for sets

U,V C X x X, let Uo V be the composition

{(x,z) : (x,y) € Uand (y,z) € V}.

A symmetric subset U of X x X is said to be an entourage of the
diagonal and the entourages of the diagonal are denoted by Zx.
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Definition 1

A uniformity on a set X is a subfamily U of Zx such that

@ if U e U, then there exists V € U such that Vo V C U;
@ ifU,Vel then UNV el

@ ifUeldand UC V € Ix then V €U,

For a uniformity U, the pair (X,U) is said to be a uniform space.
For a uniform space (X,U) and U € U, let
U(x) = {y € X : (x,y) € U}.

.
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Uniformities

Let (X,U) be a uniform space. The family 9y = {G C X :
for every x € G there exists a V € U such that V(x) C G} is a
topology on the set X.

The topology 7, induced in Theorem 2 is known as the topology
induced by the uniformity 4.
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Uniformities

Definition 3

A subfamily X' of a uniformity U is a base for a uniformity ¢/ if and
only if for every U € U, there exists B € X such that B C U.

v

Definition 4

A subfamily ) C U is a subbase for U/ if and only if the family of
finite intersections of elements of ) is a base for U/.
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Definition 5

A function f : X — Y from a uniform space (X,) to a uniform
space (Y, V) is said to be uniformly continuous if for every V € V
there exists U € U such that (U) C V.i.e for

(x,y) e U = (f(x),f(y)) € V.

Let f : X — Y be a map from a set X to a uniform space (Y,U).
The set {f, }(U) : U € U} is a base for a uniformity Us on X.
Furthermore, Uy is the smallest uniformity for which f is uniformly
continuous.
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Uniformities

Let (X,U) and (Y,V) be uniform spaces. The sets

{((leyl)) (X27.y2)) U e Z/[, Vevy, (X17X2) € U and (}/17)’2) € V}
is a base for a product uniformity on X x Y. Furthermore, this
uniformity induces on X x Y the product topology F; x 9.

Theorem 8

Let (X,U) be a uniform space and p a pseudo-metric for X. Then,
p is uniformly continuous on X x X relative to the product
uniformity if and only if the set U, = {(x,y) : p(x,y) < r} is an
element of U for every r > 0.
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Uniformities

Definition 9

Let (X,U) be a uniform space. The uniformity U is said to be
pseudo-metrizable if there exists a pseudo-metric p such that
U=Uu,.

Theorem 10 (Metrization Theorem)

A uniform space (X,U) is pseudo-metrizable if and only if U has a
countable base.
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Uniformities

Every uniformity on X can be generated by a family of uniformly
continuous pseudo-metrics on X x X.

A topology 7 for a set X is the uniform topology for some
uniformity for X if and only if the topological space (X, .7) is
completely regular.

Proposition 13
Let (X,U) be a uniform space. Then, J; is Tychanoff if and only

if Nyey U = AX).
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Lattice Uniformities

Let L be a lattice. A lattice uniformity is a uniformity on a lattice
making the lattice operations V and A uniformly continuous. A
uniform lattice is a lattice endowed with a lattice uniformity.

Proposition 14 ([2], H. Weber, 1991)

Let U be a uniformity on a lattice L. Then the following statements
are equivalent :

@ U is a lattice uniformity;

@ for every U € U there exists V € U satisfying VvV V C U and
VAV CU;

@ for every U € U there exists V € U satisfying V vV A(L) C U
and V A A(L) C U.
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Lattice Uniformities

Definition 15

A topology 7 is called locally order convex it .7 has a base of
order convex open sets.

Proposition 16 (H. Weber)

Let U be a lattice uniformity on L and .7, the induced topology.
Then (L, ) is a locally order convex topological lattice.
Moreover, every U € U contains a V' € U such that V/(x) is order
convex for every x € L.

Proposition 17

Every Hausdorff uniform lattice (L,) is a sublattice and a dense
subspace of a complete (as a uniform space) Hausdorff uniform
lattice (L,U).

v
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Lattice Uniformities

As uniformities are generated by pseudo-metrics, lattice uniformities
are also generated by a family of pseudo-metrics. J

Proposition 18 (H. Weber)

Let (L,U) be a uniform lattice and g > 1. Then U is generated by
a family of pseudo-metrics P satisfying

p(xVz,yVvz)<p(x,y) and p(xAz,yAz)<q-p(x,y)

for every x,y,z € Land p € D.

In Proposition 18, g # 1 unless L is a distributive lattice. J
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Lattice Uniformities

Remark 19

Recall if f: L — (L,U) is a map and for every U € U,
Ur = {(x,y) € L?: (f(x),f(y)) € U}. The collection
{Ur : U € U} is a base for a uniformity Us.

Theorem 20 (H. Weber)

If (L,U) is a uniform lattice and f : L — L is a lattice
homomorphism. Then, Uy is a lattice uniformity.

Theorem 21 (H. Weber)

If (L,U) is a uniform lattice and F is a collection of lattice
homomorphisms. Then UF is a lattice uniformity.

Kevin Abela Lattice uniformities



The lattice uniformity U™

For a lattice L, consider the maps f, ,)(x) = (x A b) V a and let
8(ab)(x) = (xVa)Abforab,xel

Proposition 22

For a lattice L the following statements are equivalent:
@ L is distributive.

@ fp) is a lattice homomorphism for all a, b € L.
@ g(a) is a lattice homomorphism for all a, b € L.

If Lis distributive, then f, 1) = f(5 avb) = &(a,avp) and
8(a,b) = 8(anb,b) = f(anb,b) for every a, b € L.
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The lattice uniformity U™

Let (L,U) be a uniform lattice. Then,

@ Uap CU;

Q@ UapNla, b]?> =U N |[a, b]?.

@ IfV is a lattice uniformity such that V C U, then
Va,b) € Ula,p)- |

Let J(L) := {(a,b) € L% : a < b}. Then for any J C J(L), from
Theorem 21, one can consider the lattice uniformity U, having as
subbase the union of the collection of lattice uniformities

{u(a,b) ; (a, b) € J}
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The lattice uniformity U™

Proposition 24

Let J and J' be non-empty subsets of J(L).

@ V,; CU ; CU for every lattice uniformity V coarser than U.

@ |If for every (a, b) € J there exists (a', b') € J satisfying
ad<a<b<Vb, thenUUy CUy and (U))y = Uy);=U,.

@ U, is the weakest lattice uniformity which agrees with ¢/ on
[a, b] for all (a,b) € J.

@ The topology 7, is the weakest lattice topology which agrees
with 7, on [a, b] for all (a, b) € J.

Let U* = U ). Then Proposition 24 above leads to the following
corollary
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The lattice uniformity U™

@ U™ is the weakest lattice uniformity which agrees with U on

any order bounded subset of L.

@ J~-topology is the weakest lattice topology which agrees
with 95, on any order bounded subset of L.

In the Corollary above, it is deduced that U/* is the weakest lattice
uniformity which coincides with &/ on every order bounded subset of
L and, 74~ is the weakest lattice topology which agrees with .7;.
However, there are examples showing that this is not necessarily
true for general uniformities.
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The lattice uniformity U™

Proposition 26

Let S be a sublattice of L and | = J(S) = {(a,b) € S? : a < b}.
Then U, is Hausdorff iff ¢/ is Hausdorff and
X =Supges S A x = infges sV x for every x € L.

U is Hausdorff iff U* is Hausdorff.
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The connection with Riesz spaces

Definition 28

A (not necessarily Hausdorff) topology 7 on a Riesz space V is said
to be locally solid if it is linear and has a base at zero consisting of
solid sets. The pair (V,7) where V is a Riesz space and 7 is locally
solid is known as a locally solid Riesz space.

Definition 29

Let (V,7) be a locally solid Riesz space and A C V a Riesz order
ideal. A net (x,)yer in V unbounded 7-converges to x € V' with
respect to A if (|x, — x| A a)er T-converges to 0 for every a € A.
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The connection with Riesz spaces

Theorem 30 (Taylor, 2019)

Let (V,T) be a Hausdorff locally solid Riesz space, {1 its
0-neighbourhood system and A a Riesz order ideal of V. Then the
sets

{xeV:|xlnae U} (ae Ay, U e )

form a 0-neighbourhood base for a Hausdorff locally solid topology
uaT on V.

Let (V,7) be a Hausdorff locally solid Riesz space. A net (xy),er

converges to x w.r.t. ua7 iff [x, — x| Aa——=0 forany a € A,.
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The connection with Riesz spaces

Proposition 31 ([1],E. Chetcuti, H. Weber, K.A)

Let (V,7) be a Hausdorff locally solid Riesz space and 4l the
neighbourhood base of 0 for 7. For any s, t € V such that s < t,
let

U(s,t) = {(Xa)/) € V2 f(s,t)(X) - f(s,t)(y) € U}
Then {U(s,y) - U € 4} is a base for a lattice uniformity.

Let (V,7) be a Hausdorff locally solid Riesz space and A a Riesz
solid subspace of V.. If J = {(a,b) € V2:b—ac A} and i is
the neighbourhood base of O for T, then the collection

{U(s,) : U € i where (s, t) € J} is a subbase for the uniformity U,.
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The connection with Riesz spaces

Theorem 33 ([1],E. Chetcuti, H. Weber, K.A)

Let (V,7) be a Hausdorff locally solid Riesz space and A a Riesz
solid subspace of V. Let U, be the uniformity induced by
J={(a,b) € V2:b—ac A.}. Then, Jiy, = uar. In particular,
T+ = urt.
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The uniformity U™ on sublattices

Let D(L) be the set of pseudo-metrics p on L satisfying

p(xVz,yVz)<p(x,y) and p(xAz,yAz)<p(x,y)

and for J C J(L), (a,b) € J and p € D(L) let p(, ) denote the
pseudo-metric on L defined by p(, ) (x,y) = p(f(a,p)(X), fa,p)(¥))-

Proposition 34

Let U be a lattice uniformity on a distributive lattice L. For
J C J(L), the lattice uniformity U, is generated by the family of
pseudo-metrics {p(,p) : p € Dy and (a, b) € J}.
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The uniformity U™ on sublattices

J=1{(a,b) : a < b and there exists (aq, b,) € J such that a, —

Let (L,U) be a uniform lattice and J C J(L). Let
aand by — bw.rt J}. J

Proposition 35
Let  # J C J(L). Then U; = Uj.

Corollary 36

Let S be a dense sublattice of (L,U) and V = U|s. Then
U*|s =V".
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The uniformity U™ on sublattices

Let S be a dense sublattice of (L,U) and V = U|s.
@ ThenU*=U iffV* =V.

Q@ If Zp» = Gy, then Fpx = DP.

Theorem 38 ([1],E. Chetcuti, H. Weber, K.A)

Let H be a dense Riesz subspace of a locally solid Riesz space
(V,7) and let 0 = 7|y. Thenur =71 iffuc =o.
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The uniformity U™ on sublattices
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