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Order unit spaces

A partially ordered vector space V with cone V` is an order unit
space if:

☞ V` is Archimedean, that is, tλx : λ ě 0u has an upper bound
in V only if x ď 0;

☞ there is v P V` such that for all x P V there is λ ą 0 for
which x ď λv . Such a v is called an order unit.
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Order unit spaces

By the property of the order unit, we introduce the order unit norm
on V by

}x}v :“ inftλ ą 0: ´ λv ď x ď λvu.

With respect to } ¨ }v :

☞ V` is closed;

☞ interior V ˝
` of V` consists of the order units of V .
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Order unit spaces

Example

Let K be a compact and convex subset of a locally convex space.
Then

ApK q :“ tf : K Ñ R : f is affine and continuousu

with cone

ApK q` :“ tf P ApK q : f pωq ě 0 for all ω P Ku

and order unit 1K is an order unit space.

Note that the order unit norm on ApK q is the maximum norm
} ¨ }8.
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Order unit spaces

Theorem (Kadison, 1951)

Let pV ,V`, vq be a complete order unit space and consider its
state space K :“ tψ P V ˚ : ψ ě 0, ψpvq “ 1u.

Then the map
x ÞÑ x̂ where x̂pψq :“ ψpxq is an isomorphism V

„
Ñ ApK q.
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Jordan algebras

Jordan algebras were created to model particular aspects of
physics,

more precisely, they arose from the search for a
mathematical setting for quantum mechanics.

Usual interpretation: physical observables are represented by
Hermitian matrices (self-adjoint operators on complex Hilbert
space).

Algebraic operations do not interact well with this “observability”:

☞ scalar multiplication,

☞ matrix multiplication (composition of operators).
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Jordan algebras

In 1932 the physicist Pascual Jordan proposed a program to
discover a new algebraic setting for quantum mechanics.

Study algebraic properties of Hermitian matrices (self-adjoint
operators) to formulate formal algebraic properties and see
what other systems satisfy these axioms.
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Jordan-Banach algebras

Definition

A real Banach space A equipped with bilinear product ˝ is called a
JB-algebra, if for all x , y P A the product satisfies:

☞ x ˝ y “ y ˝ x (commutative),

☞ x2 ˝ px ˝ yq “ x ˝ px2 ˝ yq (Jordan identity),

☞ }x ˝ y} ď }x}}y} (sub-multiplicative),

☞ }x2} “ }x}2 (C˚-algebra property),

☞ }x2} ď }x2 ` y2} (monotonicity).

✗ Note that we do not require the product to be associative!

✓ We will assume all JB-algebras in this talk to be unital (unit is
denoted by e).
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Examples

Prototypical Example

Let A be a unital C˚-algebra. Then the self-adjoint part Asa

equipped with the product

x ˝ y :“ 1
2pxy ` yxq

is a JB-algebra.

It is clear that this product is commutative, and it is a
straightforward verification that the Jordan identity is satisfied.
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Examples

To illustrate this, consider the self-adjoint bounded operators
BpHqsa on some complex Hilbert space H.

➤ Sub-multiplicativity:

}T ˝ S} “ }1
2pTS ` ST q} ď 1

2}TS} ` 1
2}ST }

ď 1
2}T }}S} ` 1

2}S}}T } “ }T }}S}.

➤ C˚-algebra property:

}T 2} “ }T ˚T } “ }T }2.

➤ Monotonicity: For ξ P H with }ξ} ď 1,

}T ξ}2 “ xT ξ,T ξy ď xT ξ,T ξy ` xSξ,Sξy

“ xpT 2 ` S2qξ, ξy ď }pT 2 ` S2qξ}.
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Order on JB-algebras

Theorem

➤ Every JB-algebra A is partially ordered by the cone of squares

A` :“ tx2 : x P Au,

and A` is Archimedean;

➤ interior of A` are the invertible squares;

➤ the algebraic unit e is an order unit;

➤ the JB-norm } ¨ } coincides with the order unit norm } ¨ }e .

✓ Hence JB-algebras are order unit spaces.
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Finite dimensional JB-algebras

A finite dimensional unital Jordan algebra A over R is called
Euclidean if there exists an inner product on A for which Jordan
multiplication is symmetric.

That is,

xx ˝ y , zy “ xy , x ˝ zy pfor all x , y , z P Aq.
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Finite dimensional JB-algebras

Example

The algebra of n ˆ n self-adjoint matrices HermnpFq, with
F “ R,C, equipped with the Jordan product

M ˝ N :“ 1
2pMN ` NMq

and inner product xM,Ny :“ tracepM ˝ Nq “ tracepMNq.

Indeed, for M,N,P P HermnpFq, we find

xP ˝ M,Ny “ 1
2tracepPMNq ` 1

2tracepMPNq

and
xM,P ˝ Ny “ 1

2tracepMPNq ` 1
2tracepMNPq.
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Finite dimensional JB-algebras

Finite dimensional JB-algebras Ø Euclidean Jordan algebras

➤ every Euclidean Jordan algebra can be renormed to be a
JB-algebra;

➤ every finite dimensional JB-algebra can be equipped with an
inner product turning it into a Euclidean Jordan algebra.

✓ Hence the finite dimensional JB-algebras are precisely the
Euclidean Jordan algebras.
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Spin factors

Let H be a real Hilbert space and consider H ˆ R equipped with
the product

px , λq ˝ py , µq :“ pµx ` λy , xx , yy ` λµq,

inner product
xpx , λq, py , µqy :“ xx , yy ` λµ,

and norm
}px , λq} :“

a

xx , xy ` |λ|.

➤ This is a JB-algebra, with unit p0, 1q, for the norm.

➤ It is a Hilbert space for the inner product.

➤ These JB-algebras are called spin factors.
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General question

Algebra structure from properties of the cone

From which properties of a cone V` in an order unit space can we
conclude that V is a JB-algebra?

ðð ?
ô

»

—

–

a11 a12 . . . a1n
...

...
. . .

...
a˚
1n a˚

2n . . . ann

fi

ffi

fl
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Koecher-Vinberg theorem

Let V be a finite dimensional real vector space with generating
cone V`.

A bijective linear map T : V Ñ V is called an
automorphism of the cone if T pV`q “ V`. This subgroup of
GLpVq is denoted by AutpV`q.

A generating cone in V has non-empty interior, and V` is called
homogeneous if AutpV`q acts transitively on V ˝

`, i.e., for any
x , y P V ˝

` there is T P AutpV`q such that Tx “ y .

For an inner product x¨, ¨y on V , the dual cone V ˚
` is defined by

V ˚
` :“ tx P V : xy , xy ě 0, for all y P V`u.

The cone V` is called self-dual if V` “ V ˚
`.
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Koecher-Vinberg theorem

A cone V` in V is called symmetric if it is self-dual w.r.t. some
inner product x¨, ¨y and homogeneous.

Theorem

Euclidean Jordan algebras have symmetric cones.

Example

In A :“ HermnpFq, the cone A` is

tpositive semi-definite matricesu “ tB˚B : B P MatnpFqu;

and the interior of A` is

tpositive definite matricesu “ A` X tinvertible matricesu.

Hence T : N ÞÑ M´1{2NM´1{2 is an automorphism of the cone:

M´1{2NM´1{2 “ M´1{2B˚BM´1{2 “ pBM´1{2q˚BM´1{2.
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Koecher-Vinberg theorem

Example (continued)

Since TM “ I , it follows that A` is homogeneous.

For M,N P A`, we see that

tracepNMq “ tracepNpλ1P1 ` ¨ ¨ ¨ ` λnPnqq

“

n
ÿ

k“1

λktracepNPkq “

n
ÿ

k“1

λktracepPkNPkq ě 0,

because PkNPk “ PkB
˚BPK “ pBPkq˚BPk .

If M “ QDQ˚ is such that tracepNMq ě 0 for all N P A`, then
N :“ QEkkQ

˚ P A` and

λk “ tracepEkkDq “ λktracepQEkkQQ
˚DQ˚q “ tracepNMq ě 0,

so M P A`. Hence A` is self-dual.
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Koecher-Vinberg theorem

Remarkably, the converse is also true!

Theorem (Koecher-Vinberg, „1960)

Let pV ,V`, vq be a finite dimensional order unit space. If V` is
symmetric, then V is a Euclidean Jordan algebra with unit v and
cone of squares V`.
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Order theoretical characterisation of JB-algebras

There is another way to characterise Euclidean Jordan algebras by
looking at cones.

A bijective map Φ: V ˝
` Ñ V ˝

` is called
gauge-reversing if

☞ x ď y if and only if Φpyq ď Φpxq,

☞ Φpλxq “ λ´1Φpxq, for all λ ą 0.

Remark

The inversion map x ÞÑ x´1 in a JB-algebra is gauge-reversing.

Example

For HermnpFq: use that N ÞÑ M´1{2NM´1{2 is in AutpA`q.

N ď M ñ M´1{2NM´1{2 ď I ñ I ď M1{2N´1M1{2

ñ M´1 ď N´1.
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Order theoretical characterisation of JB-algebras

Conversely, the existence of a gauge-reversing bijection implies that
there is a Jordan algebra structure!

Theorem (Walsh, 2013)

Let pV ,V`, vq be a finite dimensional order unit space. If there
exists a gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then V is a

Euclidean Jordan algebra with unit v and cone of squares V`.

Goal: to prove an infinite dimensional characterisation for
JB-algebras using gauge-reversing bijections.
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Order theoretical characterisation of JB-algebras

Attempt to prove this infinite dimensional generalisation with
additional assumptions on the cone.

First step: assume the cone is strictly convex.That is, for any
two linearly independent x , y P BV` the segment
ttx ` p1 ´ tqy : 0 ă t ă 1u lies in V ˝

`.

Theorem (v. Imhoff, Lemmens, R., 2017)

Let pV ,V`, vq be a complete order unit space with strictly convex
cone. If there exists a gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then

V is a spin factor with cone of squares V`.

✓ Note that the JB-algebras with strictly convex cones are
precisely the spin factors.
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Order theoretical characterisation of JB-algebras

Second step: assume that the order unit space is reflexive.

Theorem (Lemmens, R., Wortel, 2025)

Let pV ,V`, vq be a reflexive order unit space. If there exists a
gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then V is a finite order

and algebra direct sum of spin factors and Euclidean Jordan
algebras with unit v and cone of squares V`.

✓ Note that the reflexive JB-algebras are precisely the finite
order and algebra direct sums of spin factors and Euclidean
Jordan algebras.

Mark Roelands, Leiden University From order unit spaces to Jordan-Banach algebras



Order theoretical characterisation of JB-algebras

Second step: assume that the order unit space is reflexive.

Theorem (Lemmens, R., Wortel, 2025)

Let pV ,V`, vq be a reflexive order unit space. If there exists a
gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then V is a finite order

and algebra direct sum of spin factors and Euclidean Jordan
algebras with unit v and cone of squares V`.

✓ Note that the reflexive JB-algebras are precisely the finite
order and algebra direct sums of spin factors and Euclidean
Jordan algebras.

Mark Roelands, Leiden University From order unit spaces to Jordan-Banach algebras



Order theoretical characterisation of JB-algebras

Second step: assume that the order unit space is reflexive.

Theorem (Lemmens, R., Wortel, 2025)

Let pV ,V`, vq be a reflexive order unit space. If there exists a
gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then V is a finite order

and algebra direct sum of spin factors and Euclidean Jordan
algebras with unit v and cone of squares V`.

✓ Note that the reflexive JB-algebras are precisely the finite
order and algebra direct sums of spin factors and Euclidean
Jordan algebras.

Mark Roelands, Leiden University From order unit spaces to Jordan-Banach algebras



Order theoretical characterisation of JB-algebras

Final step: in full generality.

Theorem (R., Tiersma, 2025)

Let pV ,V`, vq be a complete order unit space. If there exists a
gauge-reversing bijection Φ: V ˝

` Ñ V ˝
`, then V is a JB-algebra

with unit v and cone of squares V`.
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Order theoretical characterisation of JB-algebras

The interior of the cone V ˝
` can be equipped with an interesting

metric called Thompson’s metric, denoted by dT .

Definition

For x , y P V ˝
` consider

λx ,y :“ inftλ ą 0: x ď λy and y ď λxu.

Thompson’s metric is defined by

dT px , yq :“ log λx ,y .

By a dT -symmetry σ we mean an isometry for dT with an
isolated fixed point and such that σ2 “ id.

The inversion x ÞÑ x´1 on A˝
` in a JB-algebra is a

dT -symmetry with isolated fixed point e.
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Order theoretical characterisation of JB-algebras

Theorem (R., Tiersma, 2025)

Let pV ,V`, vq be a complete order unit space. If there exists a
dT -symmetry σ : V ˝

` Ñ V ˝
`, then V is a JB-algebra with unit v

and cone of squares V`.

✓ Further details of these results will be discussed in the talk by
Samuel Tiersma.
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Thank you for your attention!
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