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Existence and uniqueness

We have two well known theorems that guarantee the existence and
uniqueness of the universal completion.
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Goal

@ We shall construct a universal completion (of an Archimedean Riesz
space) whose positive cone is a particular class of truncation called
archimedean truncation
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Goal

@ We shall construct a universal completion (of an Archimedean Riesz

space) whose positive cone is a particular class of truncation called
archimedean truncation

@ The construction follows the general method described by Veksler in
his paper :A.l. Veksler, Embedding of lattice cones in Riesz spaces,
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Plan

9 From non empty set to Riesz space : Veksler's construnction
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The general procedure

A non empty set C with a binary operation
+:CxC— C:(x,y)—x+y

such that,
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such that,
@ (M1) (x+y)+tz=x+(y+2).Y(xyz) €
Q@ (M2)JdecCietx=x+e=x,¥xeC
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The general procedure

A non empty set C with a binary operation
+:CxC— C:(x,y)—x+y

such that,

@ (M1) (x+y)+tz=x+(y+2).Y(xyz) €
Q@ (M2)JdecCietx=x+e=x,¥xeC
Q@ (M3)x+y=y+x,V(xy)eC?

is said to be a commutative monoide.

The neutral element e will be denoted by 0.
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construction of a cone

Definition

A commutative monoide C equipped with a map
Rt x C — C: (A, x) — A.x such

that
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Structure of lattice cone

Let C be a cone. If there exists a partial ordering < on C satisfying
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Structure of lattice cone
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Structure of lattice cone

Let C be a cone. If there exists a partial ordering < on C satisfying
O M7)x=y=Ax=<Ay, V(A xy) € R x C?

Q@ MB) xy=x+z=<y+2zV(xy2) € C3
then C is called an ordered cone.
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Structure of lattice cone

Let C be a cone. If there exists a partial ordering < on C satisfying
O M7)x=y=Ax=<Ay, V(A xy) € R x C?

Q@ M8) x2y=x+z=2y+2zV(xyz) e
then C is called an ordered cone.
If in addition, x A y and x V y exist for any x and y in C, then C is a
lattice cone.
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The quotient space

Definition

Let C be a cone and define the relation ~ on C x C by

(x1,%2) ~ (x3,xa) <= x1 +x +x = x2 + x3 + x, for some x € C.
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The quotient space

Definition
Let C be a cone and define the relation ~ on C x C by

(x1,%2) ~ (x3,xa) <= x1 +x +x = x2 + x3 + x, for some x € C.

As usual, we introduce the quotient space
EC=CxC/ ~.

To simplify notation, an elemnt of E¢ will be denoted by [x, y] .
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Real vector space

It's standard to define a vector space structure on this quotient space, as
seen in the following theorem.
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Riesz space

If C is a lattice cone, we define an ordering on the associated vector space
EC€ in the following way :
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If C is a lattice cone, we define an ordering on the associated vector space
E€ in the following way : [x1, %] < [x3, %] <= x1 +x < x0 + x3.

EC is a Riesz space if and only if the identities

Q@ M9 : (uAv)+w=(u+w)A(v+w)
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The cancellation property

In general, the quotient map ¢ : C — EC:x— [x,0] isn't always an
embedding.
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We say that a cone C satisfies the cancellation property if :
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The cancellation property

In general, the quotient map ¢ : C — EC:x— [x,0] isn't always an
embedding.

Definition

We say that a cone C satisfies the cancellation property if :

We obtain that the quotient map ¢ is an embedding if and only if, the
cone C satisfies the cancellation property.

If C is a lattice cone with the cancellation property such and the following
condition

(M 11) : u < v in C implies that v = u+ w for some w € C,

then EC is a Riesz space, and the positive cone (Ec)" of EC is the lattice
cone C.

v
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Truncation

A truncation on E is a unary operation 7 : ET — E™T satisfying the
following property :
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Truncation

A truncation on E is a unary operation 7 : ET — E™T satisfying the
following property :

T(x)ANy=xAt(y) forall0 <x,y € E.

A truncated Riesz space is a Riesz space equipped with a truncation.

v

Notice that on a Riesz space we can define many truncations, for example,
by considering T (x) = x A a, forany a € E*.
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Truncation

Definition
A truncation on E is a unary operation 7 : ET — E™T satisfying the
following property :

T(x)ANy=xAt(y) forall0 <x,y € E.

A truncated Riesz space is a Riesz space equipped with a truncation.

v

Notice that on a Riesz space we can define many truncations, for example,
by considering T (x) = x A a, for any a € E*. Hence, to differentiate
between truncations, we introduce the following notion of fixed points of a
truncation.
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Set of fixed point

Definition

Let T be a truncation on E. We call fixed point of the truncation T the
following set :
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Set of fixed point

Definition

Let T be a truncation on E. We call fixed point of the truncation T the
following set :
Fix (1) = {x € ET : T(x) = x}.
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Set of fixed point

Definition

Let T be a truncation on E. We call fixed point of the truncation T the

following set :
Fix (1) = {x € ET : T(x) = x}.

Now, it's not difficult to see that the set of fixed points determine the
truncation
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Set of fixed point

Definition

Let T be a truncation on E. We call fixed point of the truncation T the

following set :
Fix (1) = {x € ET : T(x) = x}.

Now, it's not difficult to see that the set of fixed points determine the
truncation

Two truncations T; and T, on a Riesz space E coincide if and only if
Fix (Tl) = Fix (TQ) o
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Archimedean truncation

A special class of truncations is formed by what are called Archimedean
truncations whose definition is as follows.
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Archimedean truncation

A special class of truncations is formed by what are called Archimedean
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T(nx) =nx,VYne {1,2,..} = x=0.
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Archimedean truncation

A special class of truncations is formed by what are called Archimedean
truncations whose definition is as follows.

Definition

A truncation T is said to be archimedean truncation if
T(nx) =nx,VYne {1,2,..} = x=0.
Let T.E the set of all archimedean truncations on E.

It's not difficult to see that, if E is Archimedean, for any 0 < a € E, the
truncation defined by x — x A aisin T,E, since E is assumed to be
archimedean.
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The form of a truncation

A structure theorem for truncated vector lattice is given by K.Boulabiar in
2024.
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The form of a truncation

A structure theorem for truncated vector lattice is given by K.Boulabiar in
2024.

Theorem

@ Any Archimedean truncation on a universally complete vector lattice
is unital

@ Assume that E is Archimedean and let e be a distinguished weak unit
in EY. A unary operation T on E™ is a truncation if and only if there
exists a component p of e in EY and u € EY such that p A\ u= 0 and
T(x) =px+ulxforall x € ET.
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Archimedean truncation VS Archimedean vector lattice

The next examples show that in general there is no connection between
Archimedean vector lattice and Archimedean truncations.
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respect to the lexicographic ordering, but the truncation defined by :
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is an Archimedean truncation.

@ Let (E,Z, u) be a c—finite measure space. The lattice-ordered
algebra of all (equivalence classes of) measurable real-valued
functions on E is denoted by Lo (y) is an Archimedean Riesz space,
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Archimedean truncation VS Archimedean vector lattice

The next examples show that in general there is no connection between
Archimedean vector lattice and Archimedean truncations.

@ The Euclidean plane IR? is a non -Archimedean vector lattice with
respect to the lexicographic ordering, but the truncation defined by :

T(x,y) =(0,1) A (x,y)

is an Archimedean truncation.

@ Let (E,Z, u) be a c—finite measure space. The lattice-ordered
algebra of all (equivalence classes of) measurable real-valued
functions on E is denoted by Lo (y) is an Archimedean Riesz space,
while the truncation defined by T (x) = 1ax + 1g\ ax for some
measurable set A in E is not always an Archimedean truncation.
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o Introduction :

e From non empty set to Riesz space : Veksler's construnction

e Truncated Riesz space

° The construction of the universal completion

e The universal completion
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Commutative monoid

In what follows, E will be assumed to be Dedekind complete.
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Commutative monoid

In what follows, E will be assumed to be Dedekind complete.
First, we will start by defining addition in T.E in the following manner :
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Commutative monoid

In what follows, E will be assumed to be Dedekind complete.
First, we will start by defining addition in T.E in the following manner :

Definition

For

(Tl,TQ) € T.E x T,.E Vx & E+, (T1 +T2) (X) = \ (XAy).
yGFiX(T1)+FfX(T2)
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Commutative monoid

In what follows, E will be assumed to be Dedekind complete.
First, we will start by defining addition in T.E in the following manner :

Definition

For

(Tl,TQ) € T.E x T,.E Vx & E+, (Tl —I—Tg) (X) = \ (XAy).
yGFiX(T1)+FfX(T2)

The set T,E equipped with the binairy operation
+: T.EX T.E — T.E: (11, 2) — T1 + Tois a commutative monoid
with the neutral element for addition

e=0:FE"T — ET : x— 0.
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Construction of a cone

The second step involves defining scalar multiplication in T, E as follows :
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Construction of a cone

The second step involves defining scalar multiplication in T, E as follows
Definition

For T € T.E and A € [0, +c0), we define a.T by

n [ at(aix) ifa>0
Vx € E ,(oc.T)(x)—{ 0ifx—0
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Construction of a cone

The second step involves defining scalar multiplication in T, E as follows :
Definition

For T € T.E and A € [0, +c0), we define a.T by

n [ at(aix) ifa>0
Vx € E ,(a.T)(x)—{ 0ifx—0

Theorem

| A\

The commutative monoid (T.E, +) equipped with the map :

R X TL,E— T.E:(a,7T) — a.T

IS a cone.
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Structure of lattice cone and cancellation property

Definition

We define a partial order on T, E by putting :
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Structure of lattice cone and cancellation property

Definition

We define a partial order on T, E by putting :

() € EXTE (m<nm<=VxeE" 1y (x) < (x)).
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We define a partial order on T, E by putting :

() € EXTE (m<nm<=VxeE" 1y (x) < (x)).

For all 71, » € TLE, we have that :

0 1 A\NTo = T10T»
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Cancellation property

The lattice cone T, E satisfies the cancellation property
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Cancellation property

The lattice cone T, E satisfies the cancellation property

Sketch of the proof :

Habibi Mohamed ((University of Tunis El Ma A construction of a universal completion 06 JUIN 2025 Positivity XII 24 /29



Cancellation property

The lattice cone T, E satisfies the cancellation property

Sketch of the proof :
Let (11, 2) € T«E? such that [11, €] = 12, €] or
equivalently, 71 + T = T, + T for some T € T,E.
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Cancellation property

The lattice cone T, E satisfies the cancellation property

Sketch of the proof :

Let (11, 72) € T+E? such that [11, €] = [, €] or
equivalently, 71 + T = T, + T for some T € T,E.
We must show that 1 = &
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Cancellation property

The lattice cone T, E satisfies the cancellation property

Sketch of the proof :
Let (11, 72) € T+E? such that [11, €] = [, €] or
equivalently, 71 + T = T, + T for some T € T,E.
We must show that 1 = &
Q@ ForyecEt let A(y) ={t(a)—1(y),a>y} and T, is the

truncation defined by x — V XN a.
Fix(t)—1(y)
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Cancellation property

The lattice cone T,E satisfies the cancellation property

Sketch of the proof :

Let (11, 72) € T+E? such that [11, €] = [, €] or
equivalently, 71 + T = T, + T for some T € T,E.
We must show that 1 = &

Q@ ForyecEt let A(y) ={t(a)—1(y),a>y} and T, is the
truncation defined by x — V XN a.
Fix(t)—1(y)
@ Fix(11) C Fix (1) + Fix (T,), where T, is the truncation defined by
X = V x A a.
Fix(t)—7(y)
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Cancellation property

The lattice cone T,E satisfies the cancellation property

Sketch of the proof :

Let (11, 72) € T+E? such that [11, €] = [, €] or
equivalently, 71 + T = T, + T for some T € T,E.
We must show that 1 = &

Q@ ForyecEt let A(y) ={t(a)—1(y),a>y} and T, is the
truncation defined by x — V XN a.
Fix(T)—(y)
@ Fix(11) C Fix (1) + Fix (T,), where T, is the truncation defined by
X = V x A a.
Fix(T)—1(y)
@ N Fix(ry)={0}

yeET
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Cancellation property

The lattice cone T,E satisfies the cancellation property

Sketch of the proof :

Let (11, 72) € T+E? such that [11, €] = [, €] or
equivalently, 71 + T = T, + T for some T € T,E.
We must show that 1 = &

Q@ ForyecEt let A(y) ={t(a)—1(y),a>y} and T, is the
truncation defined by x — V XN a.
Fix(T)—(y)
@ Fix(11) C Fix (1) + Fix (T,), where T, is the truncation defined by
X = V x A a.
Fix(t)—7(y)
@ N Fix(r)={0}
Q9 n(x)= V (n(z)Ant(x)

yeET
zeE*
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equivalently, 71 + T = T, + T for some T € T,E.
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Fix(T)—1(y)
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yeET
zeE*

Q FfK(Ti)(: FﬁK(TQ).
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o Introduction :

e From non empty set to Riesz space : Veksler's construnction

© Truncated Riesz space
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By following the construction procedure explained in the first part, all that
remains is to consider the quotient space

ET =T.EXT.E/ ~.
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By following the construction procedure explained in the first part, all that
remains is to consider the quotient space

ET =T.EXT.E/ ~.

An element of ET will be denoted by [11, 7] where, (11, T2) €
T.E x T.E.
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By following the construction procedure explained in the first part, all that
remains is to consider the quotient space

ET =T.EXT.E/ ~.

An element of ET will be denoted by [11, 7] where, (11, T2) €
T.E x T.E.

ET is a Riesz space and (ET)Jr = {[T 0], Te (T*E)+}.
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The Riesz space ET is universally complete.
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The Riesz space ET is universally complete.

A part of the proof :
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The Riesz space ET is universally complete.

A part of the proof :
@ Dedekind completion :
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([T,-,’rj])(,.’j)e,w a familly in E” bounded from above in ET by

[Tl, Tz] .
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([7, 7)), , a familly in ET bounded from above in E7 by

[ ] ij)Elx
T1, T2 -
@ Let A= {X EETx=VT (x)} and T the truncation defined by :
i€l
Vx € ET, 75 (x) = V xAa.

acA
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([7, 7)), , a familly in ET bounded from above in E7 by

ij)Elx
[Tl,TQ].
@ Let A= {X EETx=VT (x)} and T the truncation defined by :
i€l
Vx € ET, 75 (x) = V xAa.
acA
Q@ =VT

iel
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([7, 7)), , a familly in ET bounded from above in E7 by

ij)Elx
[Tl,TQ].
@ Let A= {X EETx=VT (x)} and T the truncation defined by :
i€l
Vx € ET, 75 (x) = V xAa.
acA
@ .=V
iel

@ Let B=<{xcEt x= A T (x)}and the truncation T; defined
jed
by WVx € ET,7/(x) = V xAb.
beB
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([7, 7)), , a familly in ET bounded from above in E7 by

ij)Elx
[Tl,TQ].
@ Let A= {X EETx=VT (x)} and T the truncation defined by :
i€l
Vx € ET, 75 (x) = V xAa.
acA
Q@ =VT

iel

@ Let B=<{xcEt x= A T (x)}and the truncation T; defined

jed
by WVx € ET,7/(x) = V xAb.
beB
Q0 17= A Tj.
jed
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The Riesz space ET is universally complete.

A part of the proof :

@ Dedekind completion :
Let ([7, 7)), , a familly in ET bounded from above in E7 by

ij)Elx
[Tl,TQ].
@ Let A= {X EETx=VT (x)} and T the truncation defined by :
i€l
Vx € ET, 75 (x) = V xAa.
acA
Q@ =VT

iel

@ Let B=<{xcEt x= A T (x)}and the truncation T; defined

jed
by WVx € ET,7/(x) = V xAb.
beB
Q0 17= A Tj.
jed
o V [ugl=[tm1]
(ij)elxd
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ET is the universal completion of E

Habibi Mohamed ((University of Tunis El Ma A construction of a universal completion 06 JUIN 2025 Positivity XII 28 /29



ET is the universal completion of E

The ldea
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ET is the universal completion of E

The Idea
The map ET — (ET)+ : X — [Ty, 0] can be extended to one to one

Riesz homomorphism with order dense range where 7, (a) = x A a.
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Thank you for your attention
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