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Continued Fractions Expansion

The continued fraction expansion of an irrational number x € [0, 1] is
given by:

1
x:[al,az,a3,---]: 1 )
a; + ]
02+a3+...
for some g; € Nandi € N.
Example:
1
V2-1=[22- ] = ————
2+ i
2+ 5

It is also a fixed point in [0, 1] of the map 5.

3 June 2025 2/21



Hausdorff Dimension

Given A C N, denote by J, the set of all irrational numbers whose
continued expansion digits belong to A.

Ja={x€(0,1): x=[a1,az,a3---] with a; € A for all i},

These sets have a fractal pattern and their Hausdorff dimension,
dimy(J4), have been studied extensively.

For example:

> dimH(JN) =1and

> dimH(J{Lz}) = (0.531280506343388.

> dimy (Jyn. neny) € (0.4720715327,0.4720715331)
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Invariant set

Jy is the invariant set of the Iterated Function System {6,: a € A}

where 6,: [0,1] — [0, 1] defined by

The set J, satisfies

Ja = Jba(Jn).

acA
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Dimension Spectrum

Given A C N, define the dimension spectrum of A as,
DS(A) = {dimy(JF): F C A}.
Q : What is the structure of DS(A) for different choices of A.

» 0 DS(A) as dimy/(Jp) =01if |[F| = 1 and dimy (J4) € DS(A).
> If A is finite, then DS(A) is finite.

> If A is infinite, the structure is not well understood, but it is a closed
and perfect subset of the interval [0, 1].

Texan Conjecture : DS(N) = [0, 1], Kesserbohmer and Zhu, (2006).
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The work of Chousionis, Leykekhman and Urbanksi

Recently, DS(A) of infinite subsets of N was studied by Chousionis,
Leykekhman and Urbanksi (TAMS, 2019) for various A C N.

They showed the fullness of DS(A), i.e.,
DS(A) = [0, dimy (J4)]

for :
» Arithmetic progression A, = {g + mn: n € N} for some m, q € N,
> Aprime = {p: p isprime },
> M, = {n*: n € N},

Q:Is DS(M,) full for M, = {n?: n € N} forallg € N
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Set of Powers:

For P, = {¢": n € N} with ¢ > 2. They showed that there exists
s(g) > 0 such that

[0, max{s(q), dimy (Jp,)}] C DS(A)
Question

> Is DS(P,) full?
Note: 1 ¢ P,

We give a positive answer
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Result 1: The set M, = {n?: € N}

Theorem : The dimension spectrum of M, satisfies

» DS(M,) is a disjoint union of finitely many nontrivial closed
intervals.

» For1<¢q<5,DSM,) = [0,dimy(Ju,)], i-e. itis full.
> For g > 6 we have dimy (Jjy,\ (2¢)) < dimy ({1 2¢3) @nd
DS(My) N (dimy (Jag,\ 1203), dimgy (J(1 4y)) is empty.

> For6<g <8,

DS(My) = [0, dimy (Jap (201)] U [dimay (J(1,00y), dimy (ag, )]
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The set M, = {n?: € N}

Theorem : The dimension spectrum of M, satisfies
> For g € {9,10,11} we have that dimg; (Jy,\ (30) < dimy(Jq124,301)
and

DS (M) = [0, dimyy (Jyg,\ (203 )] U [dimay (Vg1 243 ), dimygy (T (303)]
U [dimH(J{172q73q}), dimy (JM,,>]-

Q : Is there an apriori upper bound for the number of intervals? Can
we determine the ¢'s where the number of intervals changes?
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Result 2: Sets with sub-multiplicative property

Theorem : IfA = {aj,a2,...} CNwith2<a; <a, <...and
Ansm < apay, for all n,m € N, then

DS(A) = [0, dimy; (Ja)]-

» In particular P, is full. It also implies several results by Chousionis,
Leykekhman and Urbanksi.

> For instance, Aeven = 2N has a full dimension spectrum. All sets
with an arithmetic progression and a; > 2 are full.

» Using the fact that the n-th prime p,, satisfies

n(lnn+1Inlnn—1) <p, <n(lnn+1Inlnn) forn>6,

it can be shown that p,+.m, < pupm for all n,m > 1, hence
Aprimes = {P1,p2, ...} also has full dimension spectrum.
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Result 3 : The set P, = P, U {1}

The dimension spectrum of
PZ:PQU{I}a 6122
has a much more complicated structure. More specifically, given g > 2
and k > 0. Let
Fe={1,....4")
and for k > 1 set
ok = dimH(JP;\{qk}) and 7*= dimH(JFk)-

We have the following result.
Theorem Forallg >3 and k > 1,

(i) o* < 7kand (of,7%) N DS(Py) is empty.

(i) DS(P;) is nowhere dense in (7%, o**1).
For ¢ = 2, assertions (i) and (ii) hold for all k¥ > 2.
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Result 4: Non -trivial Interval

— i = —F—+— |
0 21111n2q ol . o2 2 g3 ity (Jp;)
Theorem : For ¢ € N with ¢ > 2 we have that the interval [0, zl?nzq] is

contained in DS(P;), and DS(Py) is nowhere dense in

(0’1, dlme(.]P;) .
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The Perron-Frobenius Operator

Given F C N finite and s > 0, define L, r: C([0, 1]) — C([0, 1]) by:

(Loef)x) = 3 1604(x) §:<aix)%f<aix>'

acF acF

This defines a positive, bounded linear operator on C(]0, 1]).
Fors > 0, let

—{reco.):0<rw <M, xyeol).

Then
> K, is aclosed cone in C(|[0, 1]).
> LS,F(KS) g Ks-
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LINK: Positive Operator and Hausdorff dimension

The following result is due to Falk and Nussbaum ( J. Fractal
Geometry, 2008)

Theorem : For all F C N finite and s > 0,
» The operator L, r has a unique strictly positive eigenvector v, € K;
with L, pvy = Agvy Where Ay > 0 and Ay = r(Ly r).
» The spectrum o(L, ) C C satisfies :

sup { )LZL cz€0(Lgr) \ {/\S7F}} < 1.

”

> v, is strictly decreasing on [0, 1] and v, € K.
» The map s — )\, is continuous and strictly decreasing.
> )\, = lif and only if dimy (JF) = so.
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Ideas in the proofs

We give an idea of the proof to have an understanding on how we use
the spectral properties of L, r to establish the result.

Let Fy = {1,q} and P\ {q} = {1, ¢%.¢°... }
Claim :

dim’}.[(Jp;\{q}) =ol <1l = dimy (JF,)

step 1 Find a lower bound of dimy,(JF, )
step 2 Show that it works as an upper bound of dimy (JP;\{q}).
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Special Perron-Frobenius Operator

L = (1) 7 (1)

2
and we let 1 = 15 and v,(x) = (ﬁ) “then

Fact: If

—2s

(L, 1yvs) (x) = =g ().

Also, using this we get

(Ls,pyvs)(x) = (1 j—x)zsv& <1 ix) * <61-1Fx>zsvs (qj—x)
I (1 N ((H)lj::LC_l)z) vy ().
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Idea of Proof

So )
(Lo pyvy)(x) > 0 (1 n (q+Z—1> ) vs(x).

Now, if s > 0 is such that

2s
—2s H
I+ — >1
! ( <q+u—1) )‘

then (L, svs)(x) > vy(x).
As L, r is a positive operator and vy is strictly positive, hence
r(LFl’S) > 1 so dimH(Jpl) > s.
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Bounds For dimy (JF,)

Theorem : For ¢ > 4, we have the following bound

. 0.52679
dimy (Jp,) > ng = s(q)-

If we can show that r(Ls(q),P;\{q}) < 1. This implies that
dimy (Jpy\ (g}) = o! < s(q) < 7! and that completes the proof.
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MLy p\ay) <1

Ly (1,9} has eigenvector v, with r(L,r) = A, and

Lo = () () e () (L
SPiMalYs ) = 1 +x s 14+x n>2 qt+x \gt+x

As v, € K, we have that

1 1
Vg ! < 1 32‘§(4+X z/"+x) < vy <1> eZs/q‘
q" +x qg—+x g+x
(@"+x)7> _(q+x 2“'<(q+1>2"'
(q+x)—= g +x) ~\g+1) °
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MLy p\ay) <1

. 1 2s 1 e4s/q 1 2s 1
. <
s,P,,\{q}VS(x) = (1 +x) Vs (1 +x> + g —1 <6]+x> . (4+x)

eAs/a

One can show that if s = 5(g), then e

such that

< 1sothereexistsapu <1

Ly p (g3 vs(x) < pvs(x)
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Future work

Given A C Ninfinteand 0 <a < b < ¢ < d.
1. If [a,b] € DS(A) and [c,d] C DS(A) and DS(A) is nowhere dense

in (b, c) then we should have that DS(A) N (b, ¢) is empty.

6]
0 @ b < dimy(Up)

2. if DS(A) contains a solid interval [a, b] with a > 0 then there exists
a ¢ > 0such that [0,d] C DS(A).
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Future work

Given A C Ninfinteand 0 <a < b < ¢ < d.
1. If [a,b] C DS(A) and [¢,d] C DS(A) and DS(A) is nowhere dense

in (b, c) then we should have that DS(A) N (b, ¢) is empty.

b ¢ dimgy(Jp;)

2. if DS(A) contains a solid interval [a, b] with a > 0 then there exists

a ¢ > 0such that [0,d] C DS(A).
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